An elementary method of determination of the character of the hot phase transition in 4d four-fermion NJL-type models is applied to non-supersymmetric and supersymmetric versions of simple NJL model. We find that in the non-susy case the transition is usually of the second order. It is weakly first order only in the region of parameters which correspond to fermion masses comparable to the cut-off. In the supersymmetric case both kinds of phase transitions are possible. For sufficiently strong coupling and sufficiently large susy-breaking scale the transition is always of the first order.
1. Introduction. Recently a lot of attention has been devoted to the problem of phase transitions in a variety of particle physics models. A sound motivation for this activity is given by cosmology. In particular, it is believed that first order phase transitions imply several interesting and potentially observable effects. One well known and widely considered example is the possibility of baryon number generation during first-order electroweak phase transition [1] . Other examples include gravitational wave production during bubble collisions [2] and modifications of relic dark matter particle abundancies [3] .
As the symmetry breaking in the standard model is achieved by means of a scalar field with a nonzero vacuum expectation value, it is the temperature phase structure of the bosonic models, for example φ 4 theory, which attracts at present attention of the public and is subject to a careful investigation. At the same time similar problems in simplest fermionic models, like the Nambu-Jona Lasinio (NJL) one, remain rather poorly known in four dimensions. It should be stressed that the fermionic models, although generically nonrenormalizable in 4d, are very useful as phenomenological effective Lagrangians. They facilitate quantitative studies of phenomena for which fundamental theories are not known and provide a tractable description of dynamical symmetry breaking. On more practical side, a specific interest in this type of theories may be justified by composite Higgs models of BHL-type [4] , [5] and by recent revival of studies on NJL-type QCD condensates [6] .
In this note we shall discuss the temperature phase structure of the NJL and super-NJL (SNJL) models to leading order in large N expansion. An elementary but effective algorithm is used to determine the type of hot phase transitions in those models. We study parameter space of the nonsupersymmetric and supersymmetric four-fermion theories with particular regard to regions interesting for phenomenological applications.
The structure of the paper is as follows. In section 2 we describe our approach to hot phase transitions in NJL models, in section 3 we apply the algorithm to the nonsupersymmetric model which allows for a fully analytical treatment, and in section 4 we elaborate on the more complex supersymmetric NJL case.
2. NJL models of fermion condensation at finite temperature. We set out to investigate the 4d four-fermion models to the leading order in large N expansion. Let us recapitulate briefly main steps of the standard procedure which converts the original Lagrangians into the form suitable for 1/N expansion. The goal is achieved through the introduction of auxiliary scalar fields [7] , [8] . The original Lagrangian of the NJL model then reads: 
where S is written in the Euclidean space. We use finite temperature imaginary time formalism due to Matsubara i.e. we compactify the euclidean time on a circle with circumference β ≡ 1/T . The fermionic functional determinant in (2) is calculated with anti-periodic boundary conditions in the compact direction.
The supersymmetric generalization of NJL model was constructed in [9] . The Lagrangian with auxiliary superfields has the form
All superfields in (3) are chiral, Φ ± contain fermions λ + , λ − , Φ 1,2 are auxiliary superfields and ∆ is a susy-breaking scale. The first component of Φ 1 , which we denote by A 1 , is proportional to <λλ > and m ≡ gA 1 is, as before, the mass of the fermion λ.
Functional integration over all matter fields leads to the following effective action for the parameter m
Performing direct evaluation of (2) and (4) one obtains finite temperature effective potentials V N JL and V SN JL respectively
and
where the divergencies have been regularized by a simple momentum cut-off at the scale Λ. One should note at this point that all the formulae we have written till now are well defined for all values of parameters. As discussed in the literature ( [10] , [11] , [12] ) the form of V N JL and V SN JL as functions of the temperature determines the character of the phase transition between localized vacuum configurations. Positions of the extrema of the potential are given by the gap equation which is just the condition for vanishing of its first derivatives with respect to m.
Our purpose is to determine the type of the phase transition as a function of the parameters of the theory. First of all, let us make the following observation. By direct inspection of eqs. (5) and (6) one concludes that the derivatives of both effective potentials with respect to m consist of two parts: the first part is temperature independent, the second temperature dependent. It is easy to check that the temperature independent part is an increasing function of m while the temperature dependent one is a decreasing function of m, with monotonically decreasing (increasing) their first derivatives (i.e. the second derivatives of the respective terms in the potential), respectively.
Moreover, the second derivatives of these functions (third derivatives of the respective terms in the potential) never cross each other. All together, this implies that each gap equation, which is the summ of the two terms, has at most two different from zero roots. The greater of them always corresponds to a minimum because the potentials are increasing functions of m for large enough m. Hence these effective potentials have at most one nontrivial minimum, at any temperature.
There is another observation which simplifies the reasoning -the effective potentials of both models under consideration are analytic functions of m 2 around m = 0 for nonzero T and ∆. This is due to the additional mass gap which appears for fermions compactified on a circle with antiperiodic boundary conditions. Hence one can expand the finite temperature effective potentials in the vicinity of m = 0 in the Taylor series in the variable m 2 .
We define the critical temperature T c in the standard way, demanding | m=0 > 0 i.e. a "hill" arises between the local minimum at m = 0 and the global minimum which exists for m > 0 due to
In the second case the phase transition takes place at T = T c and is of the second order.
Indeed, for T > T c the potential has a minimum at m = 0 and slightly below T c one has ∂V ∂(m 2 ) | m=0 < 0 which implies that a "valley" of an infinitesimal depth arises next to m = 0. There cannot be any other non trivial minimum for m = 0 as this would contradict the observation that the potential can have only one nontrivial minimum.
In conclusion, we can determine the order of the phase transition by studying the behaviour of the effective potential in the vicinity of the point m = 0.
In the next two sections we shall analyse phase transitions in NJL and SNJL models according to the prescription presented in this section.
3. Nonsupersymmetric NJL model at finite temperature. Let us warm-up with the simpler, nonsupersymmetric model. Since we are operating in the vicinity of m = 0 and the effective potential is an analytic function at that point we can Taylor expand it in m 2 , as explained in section 2.
where β = 1/T , c f = 2γ − 3/2 − 2 log π ≈ −2.64.
According to the program outlined in section 2, we find the critical temperature T c demanding that the m 2 term in (7) vanishes at T c . We get
where c = 4. Susy-NJL model at finite temperature. The construction of the supersymmetric extension of the simplest version of the NJL model has been discussed carefully in [9] . It turns out that in exactly supersymmetric theory fermion condensation is impossible for any choice of parameters. However, if one introduces a soft susy-breaking scalar mass ∆, then the fermion condensate may appear and chiral symmetry breaking becomes possible. Following the same procedure as in the non-susy case we obtain to the leading order in large N, Taylor expanding in m 2 , the supersymmetric counterpart of (7)
where
Following the procedure applied already in section 3 we find the equation for the critical temperature demanding that the m 2 term in formula (9) vanishes:
The resulting equation cannot be solved algebraically due to the presence of the func-tion I 2 . In order to give a flavour of the dependence of T c on parameters of the theory we can find a rough approximate solution noting that values of the function I 2 range from π 2 /6 to 0 at ∞. We arrive at the formula
We also see that for ∆ << Λ the term proportional to m 4 in eq. (9) (10)). If 0 < c < 0.07 -for 0 < ∆ < ∆ 1 no phase transition is possible (∆ 1 is as above); for ∆ 1 < ∆ < ∆ 2 there is a second order phase transition; for ∆ > ∆ 2 there is a first order phase transition. The value of ∆ 2 is given by the condition that both terms on the r.h.s. of (9) 
